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ABSTRACT
Cementitious concrete is a composite mixture of coarse and fine aggregates, and other additives
cemented into a C-S-H matrix. Practically, its strength may be determined by performing
compression and tensile tests to specimens with certain sizes and shapes.  In order to understand
and enhance its strength, it becomes natural to seek the quantitative connections between
fractured concrete surfaces and the strength of concrete across the scales of coarse, fine
aggregates, and the CSH matrix with nano-scale structures.  A multiscale theory across from the
size of a test specimen down to the nano-scale of the known C-S-H matrix is proposed here to
explain the concrete strength in terms of several physical scales associated with the concrete
constituents based on energy conservation principle and fractal characterization of fractured
concrete surfaces. When examined against experimental observations and test results, the
proposed theory yields satisfactory estimation on nano-level molecular bonding, showing its
effectiveness and importance for advancing our understanding of concrete strength.  Additionally,
the size effect of the testing concrete strength is derived from the proposed theory without making
extra physical assumptions.  
1. INTRODUCTION
Cementitious Concrete, with its variable strength due to numerous possible
combinations of its constituents and additives, has been widely applied worldwide in
infrastructure construction, rehabilitation and maintenance.  The concrete strength is
usually tested before being used as a structural component regardless of the concrete
curing conditions and the cement chemical compositions. Since the Portland cement
concrete is a brittle/quasi-brittle material except for some special engineered
cementitious material [1], its tensile strength is usually an order of magnitude lower
than its compressive strength.  The compressive strength thus stands out as an important
characteristic of cementitious concrete.  It is defined physically as the highest pressure
sustained by a test specimen right before it suddenly breaks apart into many pieces
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accompanied sometimes with a loud explosive noise.  Apparently, the energy
compressed or stored into the test specimen is released by breaking bonds across
fractured surfaces, by rubbing the fractured surfaces against each other causing
secondary breakings and frictional dissipation. It is intuitive to seek the quantitative
connections between fractured concrete surfaces and the compressive strength of
concrete across the scales of coarse, fine aggregates, and the CSH-gel matrix with nano-
scale skeletons by balancing the energy input into the specimens and the energy released
through bond breaking across all pieces of fractured surfaces [2, 3].  Following this
physical breaking process and using a previous revealing investigation of concrete
compression tests [3], we proceed to relate analytically the compressive strength of
concrete with fractal dimensions of concrete, the natural scales imbedded in various
concrete components, and the bonding energy across the nanoscale of CSH gel
molecules and/or other crystals presented in concrete.  Note that the fractal dimension
has been introduced to address the fractured surface characteristics in literatures [4].
The fractal dimension of fractured concrete manifested in chemical test [5], physical test
[2], and compression test ratios for specimens of different geometry [3], can be
determined following analytic skills discussed elsewhere [6]. 
2. FORMULATION 
The multiscale modeling of concrete involves several scales on fractured concrete
surfaces.  These scales in concrete are related to its components from the specimen size
down to nano-scale of molecules in the CSH-gel or other crystals such as Portlandite.
When a test specimen fails under compression, it breaks into pieces with different
surface areas. In order to understand the compressive strength, we first classified the
fractured surfaces in terms of its largest projected areas onto a Euclidean plane by
denoting them as A0,0, A0,1, …, and A0,m, where the parameter ‘m’ in the subscript
should be terminated at the size of the smallest coarse aggregate size which is usually
in the magnitude of 7 mm.  Obviously, a fractured surface A0,n, is made up of areas
occupied by coarse aggregates with a fractional ratio of ϕ1n, areas occupied by fine
aggregates with a fractional ratio of ϕ2n, and areas occupied the CSH gel matrix with a
fractional ratio of ϕ3n, etc.  Within the fracture area  on the coarse aggregates, the
number (n1,k) of bonding areas/sites A1,m1 associated with two breaking away molecular
structures at the nanoscale is given by
(1)
The multi-scales across fractured surfaces are characterized by the fractal
dimensions d1,1, d1,2, …, and d1,m1.  In other words, the fractal surfaces associated with
these fractal dimensions are nested into a fractured surface and partitioned respectively
into the linear scales finer than , , …, and . These scales are
introduced due to the changing bonding structures across fractured surfaces and/or
interfacial bonding characteristics between the cement constituents/components.
Repeating the same reasoning process, one can write down the expressions similar to
equation (1) respectively for fine aggregates and the CSH gel matrix. 
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(2)
(3)
Equation (2) determines the number of sites available for bonding on fractured areas
surrounding fine aggregates; and Eq. (3) yields the number of sites on the fractured
surface of cement gel matrix.  If more than 3 main constituents exist in a
modified/blended Portland cement concrete [7], one can always add the 4th, the 5th, or
more equations in addition to Eqs. (1-3) presented above.  We now proceed to write 
(4)
The main constituents or components in Eq. (4) are labeled by s = 1, 2, 3 … with the
unity condition that holds for all ‘k’.  Note that the site area A
s,ms
at the
nanoscale needn’t be the same for different s.  The energy Eb0 associated with breaking
the bonds across the fractured surfaces is found to be 
(5)
Parameter g
st is understood as the average coordination number of t-type bonding
across a bonding site on a fractured surface; and parameter ε
st is the corresponding t-
type bond breaking energy.  If only one type of bonding exists, then the parameter ‘t’ is
equal to 1, and the summation over parameter ‘t’ in Eq. (5) can be dropped.   
The compression energy input into a test specimen can be estimated using the known
ascending portion of a stress-strain or σ – ε curve; and the ascending portion is often
independent of the specimens’ shapes or aspect ratio [8].  In addition, the ascending
portion of the σ – ε curve is quite linear in a loading test before the compressive strength
f′
c
is reached.  Thus, we can express the compression energy E′
c
as
(6) 
Parameter g
st is expected to be slightly larger than but very close to 1; and parameter
E is the Secant modulus of a test specimen and is the ratio f′
c
/ε
c
between the compressive
strength and the strain of the specimen at compression failure. Usually “E’ is quite close
to the Young’s modulus. The volume of the test specimen is represented by ‘V’ in Eq.
(6).  Before balancing Eq. (5) and Eq. (6), one should realize that a small fraction of the
compression energy is dissipated through the loud breaking noise, through heat caused
by relative movements among the broken pieces of a test specimen, and occasionally
through kinetic energy carrying away by some light broken pieces.  Equation (6) can be
balanced with Eq (5) by adjusting factor βJ, which is expected to be slightly below 1.  
(7) g n f f V E
st st s kk
m
ts J c c c
ε β α
,
' ' /
=== ∑∑∑ = × ×011 2
E f f V E
c c c c
' ' ' /= × ×α 2
E g n
b st st s kk
m
ts0 011
=
=== ∑∑∑ ε ,
ϕ
s ks ,=∑ =1 1
n A A A A
s k s k s
d
s ms s ms
ds s m
, , , , ,
/ /
, ,
= ( ) ⋅ ⋅ ⋅ ( )−ϕ 0,k  1 11 s
n A A A A
k k
d
m m
d m
3 3 3 1 3 3 3 3
3 1 3 3
, , , ,
/ /
, ,
= ( ) ⋅ ⋅ ⋅ ( )ϕ 0,k  
n A A A A
k k
d
m m
d m
2 2 2 1 2 2 1 2 2
2 1 2 2
, , , ,
/ /
, ,
= ( ) ⋅ ⋅ ⋅ ( )−ϕ 0,k  
International Journal of Transportation Science and Technology · vol. 1 · no. 1 · 2012 103
Equation (7) relates the macroscopic measurable quantities at the right hand side of
the equation to parameters across size of aggregates, microscopic scale, mesoscopic
scale and Nano-scale at the left hand side of the equation.  The size effect of the
compression strength of concrete can be inferred from Eq. (7) because the f′
c
is inversely
proportional to the square root of volume ‘V’ which can be expressed for most test
specimens as V=A0L; and length ‘L’ is the longest dimension of the test specimen; and 
cross section area ‘A0’ is uniform across length ‘L’. Namely, we can write .
Interestingly enough, we must point out that when the ‘L’ becomes small and
comparable to the order of 1-cm, the volume ‘V’ can be grouped with terms ‘A0k’ in Eq.
(4), the size effect on the compressive strength f′
c
is smoothed and is more or less
independent of length L.  Thus, we here give another proof of the size effect on
compressive strength from a different view point; and this result is in agreement with
discussions presented elsewhere [9]. Equation (7) may be applied to understand various
important tests and experiments carried out in the past by replacing its right hand side
with measurable quantities characterizing other strength tests. In order to properly use
the equation, we must carefully examine the fractured surfaces using some currently
available microscopes and then characterize the fractured surfaces across many scales
with the fractal dimensions.  Although the fractal dimensions of a fractured surface are
case dependent, its application has been convincingly demonstrated by analyzing
compression strength data collected over the globe [3].   Two particular situations are
worth of attentions, which have been observed in the past [2]:  one occurs when the
fractured surfaces are predominantly on aggregate surfaces, namely the interfaces
controlled by aggregate surface characteristics; and the other occurs within the cement
pastes/gels.  
3.  PREDOMINATELY FRACTURED AGGREGATE-CEMENT INTERFACES
In this case, fracture occurs mainly near or on the coarse aggregate surfaces.  Interfacial
bonding is perceived to be relatively weaker.  Equation (7) takes the following form for
a compression test 
(8)
At times, the aggregate surfaces may be characterized by one fractal dimension ‘d1’
with a single type of bonding ‘ε11’ down to the Nano-level.  Equation (8) can be now
simplified to be
(9)
Equation (9) yields
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Where quantity Λ1 is given by 
(11)
The explosive breaking of a test specimen may be conceived as an avalanche failure,
the projected fractured areas A0,0, A0,1, …, and A0,m may form a sequence with a
constant ratio λ1.  Expression (11) becomes
(12)
Equation (12) is particularly interesting because the size effect on testing strength of
the concrete is explicitly derived without introducing other physical assumptions.  The
fractal dimension ‘d1’ is generally slightly above 1 for aggregates with smooth surfaces.
For example, parameter ‘d1’ for quartz-rich pebbles is found to be about 1.04 [2].  When
the size of test specimens decreases to the order of 5 cm, the aggregates used in this
situation is most likely some sort of fine particles or sands.  Equation (10) can be
shuffled as
(13)
and
For a larger test specimen, ratio could be less than 1/3; but when a test 
specimen is small the ratio gets closer to unity.  This is true when a test
specimen is a cube.  Thus, the size effect is hidden or masked.  
4. PREDOMINATELY FRACTURED CEMENT PASTE
In this case, the compressive strength f′
c
of concrete is relatively high because the C-S-
H molecular bonding via van der Waals interaction between the CSH gel molecules is
relatively strong.   Equation (7) can be written as
(14)
Parameter ‘t’ only takes 1 or 2 because there exists two configurations in CSH-
molecular bonding corresponding respectively to low density and high density CSH
matrix [10].  If the fracture occurs along the surfaces of CSH grains, the bonding on the
grain surfaces is more likely to be the one associated with the lower density with a
binding energy ε31.  Under this circumstance, the fractured surfaces may be
characterized by a fractal dimension ‘d3’.  Equation (14) can be simplified to
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(15)
Equation (15)  can be further written as 
(16)
Where quantity Λ1 is given by 
(17)
Assuming that the projected fractured areas A0,0, A0,1, …, and A0,m form a sequence
with a constant ratio λ3, we rewrite expression (17) 
(18)
Equation (16) again shows the size effect on testing strength of the concrete.  The
fractal dimension ‘d3’ is found to be around 1.20 for some fractured cement pastes.  It
is expected that the compressive strength of concrete f′
c
for fractures involving more
cement pastes/gels is higher because the binding energy ε31 is in general larger than
interfacial bonding energy ε11.
.
In fact, concrete strength is observed to be increasing
with the amount of cement used in the concrete mixture [7]. 
5. CONCRETE FLEXUAL STRENGTH  
Equation (7) may further be applied to understand flexural strength of concrete by
replacing the compressive strength f′
c
with the flexural strength f′
r
.  According to ASTM
Standard C78, a standard specimen prepared for the third-point beam loading test is
with the dimensions 15cm (b) × 15cm (d) × 50cm (l).  Replacing the right hand side of
the Eq. (7) with the energy stored in the bent specimen before its breaking yields 
(19)
Equation (19) gives rise to the prediction of flexural strength of concrete.  The
projected fracture areas A0,0, A0,1, …, and A0,m  are understood as a band of parallel
vertical cracks at the bottom of a test beam.  Let’s examine a situation in which the
fractured surfaces are predominantly within the cement paste; and the fractal dimension
of the paste persists to the scale down to the molecular level. Since it is realistic to assign
A0,0=bd for most non-reinforced beam bending test with one main fractured surface
across the beam cross-section, one can write Eq. (19) as
(20)
The area A3,1 for an interaction site may be estimated to be around 50 nm2 according
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to the found CSH gel structures [11].  Setting f′
r
, E, l and d3 to 7.5 MPa, 20 GPa, and
1.2, we find the average binding energy between the CSH gel molecules at a bonding
site to be 
(21)
Notion ‘mev’ represents one thousandth of an electron volt. This energy scale of 190
mev is reasonable and is matching well with the melting temperature of around 1500˚K
for cement clinkers.  Equation (21) ties the fractured energy of concrete test specimens
with the nano-sacle interaction within the CSH-gel or cement paste matrix.
6. CONCLUSIONS
By applying the energy conservation principle and introducing nested fractal structures
to characterize the fractured concrete surfaces across several physical scales down to the
nanometer level, a theoretical framework is established to relate the test concrete
strength with the molecular level bonding energy and fractal dimensions of fractured
concrete surfaces.  In addition, this framework was applied to derive formulas on
concrete strength, showing the well known size effect of test specimens on concrete
strength. Interestingly enough, this framework of connecting the concrete strength
across multi-scales of fractured surfaces may be inversely applied to estimate the nano-
level structure bonding energy.  It is envisioned that practitioners may widely apply this
analytic method to test field concrete strength with the advancement of various nano-
level microscopes, such as scanning tunneling microscopes and atomic force
microscopes.   
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